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Abstract

A model of an ideal associated solution, containing self-associates of different sizes and shapes, was

considered. Calculations of the thermodynamic properties of mixing of Na–K liquid alloys and of

liquidus line positions were carried out. Possible modifications of the model are discussed.
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Introduction

One of the models which has been successfully applied for a long time to the descrip-

tion of the behaviour of the thermodynamic properties of mixing is a model of an

ideal associated solution. General theory predicts the possibility of existence of com-

plexes of different sizes and stoichiometry, including self-associates, in liquids [1].

However, one usually bears in mind only from one to three associates of minimum

size and single atoms of initial components when making the calculations. In the

model considered this is caused by the necessity of reasonable restriction of the

model parameters that are equilibrium constants of formation of associates from ini-

tial components of solution [2, 3]. We have proposed one version of an ideal associ-

ated solution model [4–7] which takes into account complexes of different sizes and

shapes. We used the pair approximation for nearest neighbours when calculating the

enthalpies of associates, but did not consider the differences in sizes of different com-

plexes and associates for the configurational entropy, as in the usual model of an ideal

associated solution [1]. It was shown that such an approach allows the number of

model parameters to be minimized and also allows values of the parameters to be ob-

tained from the melting temperatures of stable compounds. Thereby, one can avoid

the traditional procedures of model-parameter fitting and perform essentially non-

empirical calculations.
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Model

Let us consider the AcB1–c binary system, containing components that are insoluble in

the solid phase, but which form solutions with complete solubility in the liquid phase.

Let it be an ideal solution of An,i and Bn,i associates (n – number of atoms in the com-

plex, i – number of pairs of nearest neighbours in the complex). If one accepts that the

energy of the complex is defined as the sum of the energies of the pairs of nearest

neighbours and is limited only by configurational contributions to entropy, then the

molar fractions of complexes will correlate with each other by the following expres-

sions [6]:
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where xAn,i
; xBn,i

; xA1
; xB1

; are the molar fractions of An,I, Bn,i complexes and of A1, B1

single atoms respectively, αA and αB are the bonding energies of AA and BB pairs of

nearest neighbours taken with the inverse sign, K KA Bn,i n,i
; are the corresponding equi-

librium constants; tA=exp(αA/kT); tB=exp(αB/kT).

Then the system of balanced equations for determination of the concentrations

of single atoms and of associates in solution will be:
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If the associates in the melt are expected to have different configurations, then i
obviously changes from n–1, corresponding to a linear chain, to a certain number mn.

If one assumes that such an associate has the local geometry of the corresponding

component, this number can be found for small n [6, 7]. Since the rows in (2) quickly

reconverge, it is sufficient to define the mn(n) dependency at up to n~10–15 for mak-

ing the calculations. Now the system (2) can be solved numerically under known αA

and αB. It is possible also to approximate the mn(n) dependency by a suitable function.

This does not lead to a loss of accuracy but allows the sums in the balance equations

and in expressions for thermodynamic characteristics of mixing to be expressed by

analytical relations [7].

Let us introduce a special notation for the characteristic sums for the purpose of

simplification:
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Here L denotes the A or B kind of atom.

Now the balance equation system (2) is
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Thermodynamic characteristics of mixing look as follows:
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Here ∆GM, ∆HM are the free energy of mixing and enthalpy of mixing respectively, aA

and aB are the activities of the A and B components. The zero symbol in the sum

means that the corresponding sum is calculated at the considered temperature for the

pure component in the liquid phase. One can also easily express the long-wave limit

of the concentration-concentration partial structural factor, which is known [8] to be

defined by the second derivative of free energy, as:
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To calculate thermodynamic properties using the above-mentioned expressions,

it is necessary to know the values of the energy parameters, αA and αB. As was shown

in [6–7], it is possible to calculate these parameters from the equality of the free ener-

gies of the liquid and solid phases at the melting temperatures of the components of

the solution, considering an associate of infinite size as a crystal. Therefore, one can

express the energy parameters in terms of the melting temperatures of the compo-

nents. For structures with dense packing (FCC, HPC) αL=0.177RTL, where TL is the

melting temperature of the L component. Results for a BCC-lattice are slightly differ-

ent, taking into account, in particular, such circumstances as that the difference in dis-

tances to the first and to the second neighbours is not as great in this lattice.
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This proposed approach for the calculation of energy parameters also allows the

calculation of phase diagrams within the framework of the model of the liquid con-

sidered. In the simplest case, that is in the absence of mutual solubility of components

in the solid phase, such calculation does not require any additional assumptions. For

instance, the accounting expression for the branch of the liquidus line adjacent to the

A component (TLA) is:

− =05. lnα A A LA A1
z RT x (7)

where zA is the coordination number of the A component in the solid state.
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Fig. 1 Gibbs free energy of mixing of Na–K liquid alloys at T=384 K.
Solid line – model calculation taking into account only self-associates,
dashed line – calculation with provision for mixed associates, rhombic dots –
experimental data [10]

Fig. 2 Activities of components of Na–K liquid alloys at T=384 K. Solid and dashed
lines are the same as in Fig. 1. Dark circles and dark squares – K and Na experi-
mental activities, respectively [10]

Fig. 3 Enthalpy of mixing of Na–K liquid alloys at T=384 K. Solid and dashed lines
are the same as in Fig. 1. Rhombic dots – experimental data [10]



Analysis shows that the model correctly describes the particularities of the ther-

modynamic characteristics for the majority of eutectic systems, namely positive devi-

ations from ideal behaviour of component activities and of enthalpies of mixing, and

a decrease of melting temperature when adding the second component [6, 7]. How-

ever, quantitative agreement with experiment is not achieved because of the crude-

ness of the model in use. It was proposed in [9] to modify the model, taking into ac-

count the possibility of existence of associates of mixed composition in liquids. Such

modernization does not revise significantly the structure of the accounting expres-

sions, but only gives rise to additional terms, corresponding to mixed associates. Be-

sides this, an additional energy parameter appears, characterizing the bonding energy

of the AB pair. This parameter happens to be used as a parameter of fitting.
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Fig. 4 Long-wave limit of concentration-concentration partial structural factor of Na–K
liquid alloys at T=384 K. Solid line 1 – model calculation taking into account
only self-associates; dashed line 2 – calculation with provision for mixed associ-
ates, dashed line 3 – calculation using the ideal solution model; light circles,
crosses – experimental data [11]

Fig. 5 Liquidus curve for the Na–K system [10] (squares – theoretical calculations)



Results and discussion

The Na–K system belongs to the systems of eutectic type [10]. The components are

completely soluble in the liquid phase, but are practically insoluble in the solid state.

The thermodynamic characteristics of mixing are practically symmetrical with re-

spect to an equiatomic composition. The results of calculations within the proposed

model are shown in Figs 1–4 (solid curves) and in Fig. 5 (squares). From comparison

with experiment, it is seen that the model satisfactorily reproduces the behaviour of

the concentrational dependencies of the considered characteristics, particularly tak-

ing into account the absence of fitting parameters. At the same time, no strictly quan-

titative agreement is observed. This is probably due to the fairly crude model’s basic

assumption on the exclusive presence of self-associates in the melt. Indeed, when the

probable presence of mixed associates with various stoichiometry in the liquid phase

is added into consideration, the agreement with experiment is much better for all the

characteristics, except for the enthalpy of mixing (dashed lines in Figs 1–4). The ab-

sence of good agreement for the enthalpy of mixing is caused in this case, not by

model’s disadvantages, but by the use of assumptions that facilitate the mathematical

procedures but greatly reduce the values of the enthalpy of mixing by themselves [5].

The proposed model clearly demonstrates the importance of consideration of self-

association effects when calculating eutectic systems and alloys characteristics. It al-

lows calculations of both the thermodynamic properties of mixing and of phase dia-

grams to be carried out using one and the same base.
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